The bathymetry of shallow water areas is of particular interest for coastal engineering. Among the available techniques, conventional sea floor surveying by single and multibeam echo sounders is slow and covers only around 10% of ocean surface. 1, 2 Airborne Lidar Bathymetry (ALB) systems, that survey shallow continental waters, remain limited on the maximum detectable depth. [3] [4] [5] [6] In the extreme cases of high turbidity and/or poor reflectance, the ALB measurements cannot be performed.
This letter introduces an approach to water depth reconstruction which requires only the surface wave elevation information. It is based on basic properties of the solution to finite depth water wave equation; this so called circle method benefits from the Bessel series expansion of the solutions of the 2D linear wave equation (already used to study thickness and velocity of plates 7, 8 ). The theoretical description of the problem is presented and the ability of the bottom shape characterization is demonstrated experimentally.
Let us consider wave propagating on the water surface with wavenumber k linked to the pulsation x by the linear dispersion relation
where g denotes the gravity acceleration, q the water density, c the surface tension, and H the water depth. Note that in general kðxÞ is a complex number where the real part is related to the wavelength and the imaginary part describes the attenuation. In an area of constant water depth, the surface elevation perturbation is a solution of the 2D Helmholtz equation
In the above equation,ĝ stands for the time Fourier transform of the measured transient height gðx; tÞ gðx; xÞ ¼
Equation (1) shows that the wavenumber depends on the water depth H as long as tanhðkHÞ is not too close to 1. This regime corresponds to the finite depth regime where the wave feels the water bottom, i.e., for a fixed frequency, the wavelength k depends on the water depth H as long as k տH. This property will be used to obtain the local depth H through local measurements of the wavenumber k. Let us consider a circle of radius R (Fig. 1 ) inside an area of constant depth H. Inside the circle, the surface elevation g-solution to the Helmholtz equation (2)-can be expressed in polar coordinates aŝ gðr; h; xÞ ¼ X n¼þ1 n¼À1 a n J n ðkrÞe inh ;
where r R is the radial coordinate and h is the polar angle.
For the circle method, we will use two properties of this solution (4). Firstly, the average value of the surface elevation on the circle is defined as
Secondly, the value of the surface elevation at the center of the circle is given by gð0Þ ¼ a 0 . Consequently, the ratio of the average value of the surface elevation on the circle to the value at the center is
This formula forms the basis of the method: the wavenumber k is obtained from the measurements of the surface elevation at the center and on the circle of known radius R. Experimentally, the surface elevation gðx; y; tÞ is measured for a broadband excitation signal. Fourier Transform is performed to getĝ, and the signal ratio hgi R =gð0Þ is obtained as a function of the frequency x. This gives us the dispersion function kðxÞ over a broad range of frequencies. Then, this curve kðxÞ is fitted using the theoretical dispersion relation k theory ðx; HÞ in Eq. (1) to get the H-value that minimizes jk À k theory j over the entire range of frequency. This makes the method more accurate and more robust than the use of a unique value k at a unique frequency. The experiments have been carried out in the tank with dimensions 53 Â 38 cm 2 filled with water with an attenuation that has been characterized 10 and varying depth H(x,y). The surface elevation gðx; y; tÞ was measured with a good accuracy in time and in space during the wave propagation using the optical Fourier Transform Profilometry (FTP) method. This method is based on the analysis of the deformation of projected fringes [10] [11] [12] and uses a Photron SA4 high-speed video camera of 125 frames rate per second to image the surface. This method enables space-time resolved measurements of water waves and is particularly well suited to characterize non-stationary phenomena. [13] [14] [15] In the experiment, the transient waves are produced by a conical vibrator that can be considered as a source point. A one-period sinusoidal pulse centered at f 0 ¼ 4 Hz was chosen exciting a wave packet of broadband frequencies. The perturbation gðx; y; tÞ is measured during 50 s till the total attenuation of the wave. To calculate the averaged value of the surface elevation along a circular path, N positions regularly distributed along the circle are chosen and signals at these points are linearly interpolated from data of the FTP device and then averaged. In general, N is chosen big enough to have an averaged surface elevation signal close to that really measured along a circle. Results shown in this letter are achieved using N ¼ 90. Three different geometrical configurations have been studied: -C1: basin with constant liquid depth H 0 ¼ 12 mm. -C2: a conical, step pyramid is placed in the middle of the bottom of the configuration C1. The geometry of the pyramid is shown in Fig. 2 . The total pyramid height is 10 mm, thus is 2 mm below the liquid free surface. -C3: different objects of different heights are immerged inside the basin of H 0 ¼ 47 mm liquid depth ( Fig. 6(a) ).
The first geometrical configuration C1 with constant depth was used to characterize accuracy level and resolution of the circle method for water waves. The wavelength k 0 corresponding to the central frequency f 0 for H 0 ¼ 12 mm is equal to 80 mm and water can be treated as shallow. Fig. 3 shows the real part of the signal ratio as a function of the product kR for different values of R. It can be observed that kR variations fit well Bessel function even for low values of R. For these values however, the fitting process is not expected to be accurate, because the Bessel curve is not well enough defined. Therefore, a biased value of the liquid depth H parameter is expected. The used frequency bandwidth is 0.1 Hz-5.5 Hz. Fig. 4 shows variation of the liquid depth parameter H (after fitting process) versus radius circle R. The fitting process is based on the minimization of the quadratic error. It is observed that H parameter evolves toward an asymptotic value. The final value to within 5% is reached when the radius R is greater than 10 mm. At 5.5 Hz, the surface elevation wavelength k min is equal to 52 mm. The final value to within 5% is achieved when the circle radius is approximately higher than k min =4.
Since the depth of the liquid without obstacles H 0 is known for each configuration, we can introduce a value s(x,y), which stands for a local shape of the bottom (bathymetric map) and can be calculated as the difference between known liquid depth without obstacles H 0 and locally obtained liquid depth H sðx; yÞ ¼ H 0 À Hðx; yÞ:
In the case of configuration C2, Fig R, the liquid depth value is more accurate especially in areas of constant value, but the conical pyramid is well less defined. In the neighbourhood of the obstacle, constant bottom was found to be deeper than in reality. In configuration C3 several objects are immersed inside the basin. The geometrical configuration is shown in Fig.  6(a) . Each value shown on the top of each object corresponds to its height. The liquid level in the basin is H 0 ¼ 47 mm.
Experimentally determined bottom shape s(x,y) distribution is presented in Fig. 6(b) . All the obstacles (except the one with lowest height) are reconstructed by the method. The obstacles are found to be broader than in reality because of the influence of the radius R. The bottom of the tank is in agreement with the theory. The obstacle with lowest height (3 mm) cannot be found due to the small deviation in the Bessel function between the depth of the liquid over the bottom of the tank and over the obstacle. Cylinders with height 25 mm and 30 mm can be observed, but the reconstructed height values are around 20% lower than the real values. The black cylindrical obstacle-even high enough to be correctly detected-has small diameter and due to the circle radius R influence its height is found to be lower than its real value. Positions and heights of other obstacles are correctly determined.
The present work shows a method for bathymetry characterization using the analysis of finite depth water waves. Compared with conventional techniques using beam echo sounders, our method is not limited by the minimum depth in which ships can operate. However, it is limited in terms of maximum detectable depths. This is because the depth cannot be much larger than the wavelengths of the water waves. Note that a maximum detectable depth exists also for the Airborne Lidar Bathymetry which is around 60 m in very good conditions and depends on the water clarity and bottom reflectance.
The assumption is that the wave obeys the wave equation in linear regime. Experimental measurements are achieved using waves of weak steepness to ensure such an assumption. In reality, non linear conversions should occur when the surface wave propagates over submerged breakwaters. 16 Extensive studies will be conducted on this subject later. In the vicinity of the steep obstacle evanescent waves and vortex shedding could occur. These physical phenomena are not taken into account in the circle method and this might bias results by making false the geometrical dimension of the obstacle in addition to the smoothing effect due to the circular integration of the surface waves. Another assumption is that the depth is locally constant. Experiments show the validity of the method and its efficiency for depth varying slowly over a distance of one wavelength. The liquid depth is determined locally except in the vicinity (typically the order of the wavelength) of depth discontinuities. The method is robust and weakly sensitive to noise since it is based on integration of the wave dynamics over a broad range of frequencies and a circular path in space.
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